The most frequently asked question in the p−adic lattice models of statistical mechanics is that whether a root of a polynomial equation belongs to domains
Introduction
The fields of p−adic numbers were introduced by German mathematician K. Hensel [4] . The p−adic numbers were motivated primarily by an attempt to bring the ideas and techniques of the power series into number theory. Their canonical representation is analogous to the expansion of analytic functions into power series. This is one of the manifestations of the analogy between algebraic numbers and algebraic functions. Over the last century, p−adic numbers and p−adic analysis have come to play a central role in modern number theory. This importance comes from the fact that they afford a natural and powerful language for talking about congruences between integers, and allow using the methods borrowed from analysis for studying such problems. More recently, numerous applications of p−adic numbers have shown up in theoretical physics and quantum mechanics (see for example, [3] , [5, 6] , [8] - [13] , [28, 29] ).
Finding roots of polynomials is among the old problem of mathematics. In the filed of real numbers, this problem found its own solution. However, to the best of our knowledge, in the field of p−adic numbers -in the counterpart of the field of real number, the less attention was paid for this problem in the literature. Recently, by concerning with some problems of p−adic lattice models of statistical mechanics, this problem is again raised up. The scenario is completely different from the field of real numbers to the field of p−adic numbers. For instance, the quadratic equation x 2 + 1 = 0 is not solvable in the real field but solvable in the p−adic field for p ≡ 1 (mod 4). Vise versa, the cubic equation x 3 + p = 0 is not solvable in the p−adic field but solvable in the real field. Therefore, it is of independent interest to provide a solvability criterion for lower degree polynomial equations over the p−adic field. The solvability criterion for quadratic equations over the p−adic field was provided in all classical p−adic analysis books. Recently, in the series of papers [14, 15] , [19] - [21] , the solvability criterion and the number of roots of cubic equations over the p−adic field were studied. This paper is a continuation of previous studies and we are aiming to locally describe all roots of cubic equations over the p−adic field for p > 3. Applications of quadratic and cubic equations in the p−adic lattice models of statistical mechanics were presented in the papers [11] - [13] , [18] , [24] . The solvability criterion and the number of roots of bi-quadratic equations are also studied in the papers [22, 23] .
Preliminaries
For a fixed prime p, Q p denotes the field of p−adic numbers, it is a completion of the rational numbers Q with respect to the non-Archimedean norm |·| p : Q → R given by
here, x = p r m n with r, m ∈ Z, n ∈ N, (m, p) = (n, p) = 1. A number r is called a p−order of x and it is denoted by ord p (x) = r.
Any p−adic number x ∈ Q p can be uniquely represented as the following canonical form
where x 0 ∈ {1, 2, · · · p − 1} and x i ∈ {0, 1, 2, · · · p − 1}, i ≥ 1, (see [1] , [7] ) We respectively denote the set of all p−adic integers and units of Q p by
. Any nonzero p−adic number x ∈ Q p has a unique representation of the form
, where x * ∈ Z * p . Let p be a prime number, F p = {0,1, · · · , p − 1} be a finite field, q ∈ N, a ∈ F p with a =0. The number a is called the q-th power residue modulo p if the the following equation
has a solution in F p .
Proposition 2.1 ([17]
). Let p be an odd prime, q ∈ N, d = (q, p − 1), and a ∈ F p with a =0. Then the following statements hold:
(i) a is the q-th power residue modulo p if and only if one has a p−1 d
=1;
(ii) If a
The solvability criterion for the following monomial equation in Q p
where q ∈ N, a ∈ Q p with a = 0, was provided in [16] . 
) and log p |a| p is divisible by q.
Throughout this paper, we always assume that p > 3 unless otherwise mentioned.
Let a ∈ Q p be a nonzero p−adic number such that a = a * |a|p and a * ∈ Z * p with a 
The Main Problems and Results
Generally, we may come across the following problem in one form or another: provide a solvability criterion for the polynomial equation over the given set A ⊂ Q p .
In this paper, we study the depressed cubic equation
over Q p , where a, b ∈ Q p , ab = 0, and p > 3. Let A, B ⊂ Q p be two nonempty disjoint sets, i.e., A ∩ B = ∅ Definition 3.1 (Solvability in A). We say that the cubic equation (3.1) is solvable in A if at least one of its roots belongs to A.
Definition 3.2 (Solvability in A
[n] ). We say that the cubic equation (3.1) is solvable in A
[n] if it has exactly n−number of roots (including multiplicity) and all of them belong to the set A, where n = 1 or 3. 
B
[m] if the n−number of its roots (including multiplicity) belong to A and the m−number of its roots (including multiplicity) belong to B, where m + n = 3 and m, n > 0.
The main problems of the paper are the following 1. Provide solvability criteria for the cubic equation (3.1) in A, where
2. Provide the number N A (x 2 + ax − b) of roots of the cubic equation (3.1) where
where
The solution of the third problem gives a local description of roots of the cubic equation (3.1). In order to solve it, we have to solve the first and second problems for domains Z *
The first and second problems for domains Z * p , Z p , Q p were already studied in the paper [14] . Therefore, it is enough to study the first and second problems in domains
For the quadratic equation, all these problems were studied in the paper [24] .
The solvability criterion for the cubic equation (3.1) in Q p was given in [14] .
Since ab = 0, we have that a = a * |a| p and b = b * |b| p , where
Theorem 3.4 (Solvability Domain, [14] ). Let p > 3. The cubic equation (3.1) is solvable in Q p if and only if either one of the following conditions holds true:
Let us define the following sets
The set ∆ ⊂ Q p × Q p is called a solvability domain of the depressed cubic equation (3.1). Since Q p is a disordered field, we could not describe the solvability domain ∆ in the picture. However, we can describe the p−adic absolute value of elements of the set ∆ in the picture. It was presented in Fig. 1 . We refer it as the solvability domain of the cubic equation (3.1). The following results are the main results of the paper which give a full description of p−adic absolute values of roots of the cubic equation (3.1) in the solvability domain ∆. [3] if and only if
Theorem 3.5 (Descriptions of Roots in ∆
(Z * p ) [2] if and only if
(Q p \ Z p ) [2] if and only if
(Q p \ Z p ) [2] if and only if 3] if and only if |b| p = 1 and [3] if and only if |b| p < 1 and [3] if and only if |b| p > 1 and
4. Solvable in Z * p [1] if and only if |b| p = 1 and [1] if and only if |b| p < 1
6. Solvable in (Q p \ Z p ) [1] if and only if |b| p > 1 and
. In other words, for any (a, b) ∈ ∆, there is no cubic equation (3.1) in which its three solutions (if any) belong to different domains
The graphical illustration of Theorem 3.5 is given in Figs. 2-5 . The graphical illustration of Theorem 3.6 is given in Figs. 6-7 . The main strategy of proving Theorem 3.5-3.6 is presented in the next section. Namely, Theorem 3.5-3.6 follow from Theorem 6.1 which describes the number N Z * 
The Main Strategies
We know that, by definition, two p−adic numbers are closed when their difference is divisible by a high power of p. This property enables p−adic numbers to encode congruence information in a way that turns out to be powerful tools in the theory of polynomial equation. In fact, Hensel's lifting lemma allows us to lift a simple solution of a polynomial equation over the finite field F p up to the unique solution of the same polynomial equation over the ring Z p of p−adic integer numbers. However, that solution cannot be lifted up to the field Q p of p−adic numbers. At this point, we are aiming to study the relation between solutions of the polynomial equations over Q p and Z p . We shall show that, indeed, any solution of any cubic equation over Q p (or some special domains) can be uniquely determined by a solution of another cubic equation over Z * p . Consequently, it is enough to study cubic equations over Z * p . Let us consider the cubic equation
where a, b ∈ Q p and ab = 0. Let K ⊂ Z be any subset. We introduce the following set
It is easy to check that
where p × K such that y * is a root of the following cubic equation
where A k = ap 2k and B k = bp 3k . Moreover, in this case, a root of the cubic equation (4.1) has the form x = y * p k .
Proof. Let x ∈ Q p and |x| p = p k . Then x ∈ Z * p p K is a root of the cubic equation Here, we list frequently used domains in this paper. 
This proposition gives necessary conditions for solvability of the cubic equation over Z * p . To get the solvability criteria, we need Hensel's lifting lemma.
Lemma 4.4 (Hensel's Lemma, [1] ). Let f (x) be polynomial whose the coefficients are p−adic integers. Let θ be a p−adic integer such that for some i ≥ 0 we have
Then f (x) has a unique p−adic integer root x 0 which satisfies x 0 ≡ θ (mod p i+1 ).
The following result was implicitly proven in [14] . 
Let us consider the following cubic equation in the finite field F p
whereā,b ∈ F p . We assume thatā =0 andb =0. The number N Fp (x 3 +āx −b) of roots of this equation was described in the papers [25] - [27] .
Proposition 4.6 ([25]-[27]
). Let p > 3 be a prime number andā,b ∈ F p with ab =0. Let D = −4ā 3 − 27b 2 and u n+3 =bu n −āu n+1 for n ∈ N with u 1 =0, u 2 = −ā, u 3 =b. Then the following holds: 
Let r 0 be a root of the following congruent equation
Then Hensel's lifting root of the cubic equation (4.1) in the domain Z * p has the following form
The Solvability Criteria
We present a solvability criterion of the cubic equation
We have that a = a * |a| p and b = b * |b| p , where
We set D 0 = −4a Proof. The proof of the solvability criterion in Z * p was presented in [14] . In order to prove the solvability criteria in Z p \ Z * p or in Q p \ Z p , we have to apply Corollary 4.2 and Proposition 4.5. Since the proofs in the cases Z p \ Z * p and Q p \ Z p are similar, hence, we just provide the proof of the solvability criterion in the case Z p \ Z * p . Let x ∈ Q p be a nonzero p−adic number and |x| p = p k where k ∈ Z. Due to Corollary 4.2, x is a solution of the depressed cubic equation (5.1) in Z p \ Z * p iff y = p k x is a solution of the following cubic equation
We know that, the equation (5.2) is solvable in Z * p iff either one of the following conditions holds true:
We want to describe all p−adic numbers a, b ∈ Q p for which at least one of the conditions (i) − (iv) should be satisfied for some k ∈ N − .
1. Let us consider the condition (i): Suppose that |A k | p < |B k | p = 1 and there exists 
|b| p we have that 2k = log p |a| p and 3k = log p |b| p . The last two equations have a negative integer solution w.r.t k if and only if 2 | log p |a| p , 3 | log p |b| p , and |a| p < 1, |b| p < 1.
then we have that |a| . Let |A k | p = |B k | p > 1. Since |A k | p = p −2k |a| p , |B k | p = p −3k |b| p we obtain from |A k | p = |B k | p that k = log p |b| p − log p |a| p . Hence, k is a negative integer if and only if |a| p > |b| p . Therefore, if k = log p |b| p − log p |a| p then it follows form 6 The Number of Roots 
